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a b s t r a c t
In the present paper, the cubic B-splinesmethod is considered for solving one-dimensional
heat and wave equations. A typical finite difference approach had been used to discretize
the time derivative while the cubic B-spline is applied as an interpolation function in the
space dimension. The accuracy of themethod for both equations is discussed. The efficiency
of the method is illustrated by some test problems. The numerical results are found to be
in good agreement with the exact solution.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In 1968, Bickley [1] originated an idea to obtain better accuracy for a linear ordinary differential equation by using a chain
of low-order approximation (cubic splines) than a global high-order approximation. Following this, Albasiny andHoskins [2]
applied the cubic spline interpolation which was introduced by Ahlberg et al. [3] to solve a two-point boundary value
problem. They obtained a tri-diagonal matrix system instead of upper Hessenberg form which was obtained by Bickley [1].
At about the same time, Fyfe [4] examined the method suggested by Bickley [1] and carried out the error analysis. Fyfe
concluded that the splinemethod is better than the usual finite differencemethod as the splinemethod has the flexibility to
get the solution at any point in the domainwithmore accurate results. Thus, it had been of preference tomany authors [5–8].
Here, cubicB-splines are used to construct the numerical solutions to solve the problems. Consider a partition of [a, b] that
is equally divided by knots xi into N subinterval [xi, xi+1], where i = 0, 1, . . . ,N− 1 such that a = x0 < x1 < · · · < xN = b.
Hence, an approximation uji to the exact solution u(x, t) at the point (xi, tj) based on the collocation approach can be
expressed as [9]
uji =
N+1
i=−1
C jiB3,i(x) (1)
where C ji are time dependent quantities to be determined and B3,i(x) are third-degree B-spline functions which are defined
by the relationship [10]
B3,i(x) = 16h3

(x− xi−2)3, x ∈ [xi−2, xi−1]
h3 + 3h2(x− xi−1)+ 3h(x− xi−1)2 − 3(x− xi−1)3, x ∈ [xi−1, xi]
h3 + 3h2(xi+1 − x)+ 3h(xi+1 − x)2 − 3(xi+1 − x)3, x ∈ [xi, xi+1]
(xi+2 − x)3, x ∈ [xi+1, xi+2]
(2)
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Table 1
Values of Bi, B′i and B
′′
i .
xi−2 xi−1 xi xi+1 xi+2
Bi 0 16
4
6
1
6 0
B′i 0
1
2h 0 − 12h 0
B′′i 0
1
h2
− 2
h2
1
h2
0
where h = (b− a)/N . To obtain the approximations of the solutions, the values of B3,i(x) and its derivatives at the knots are
needed. Since the values vanish at all other knots, they are omitted from Table 1.
In this paper, the one-dimensional heat andwave equations are solved by a combination of the finite difference approach
and cubic B-splinemethod. A typical finite difference scheme is applied to discretize the time derivativewhile cubic B-spline
is used to interpolate the solutions at time t . The error analysis of the method is described. The approximated solutions and
the numerical errors are presented and compared with analytical solutions.
2. Governing equation and numerical methods
2.1. Heat equation
The heat equation describes the variation temperature in a given region over a period of time. Suppose the heat flows
through a thin rod which is perfectly insulated, its position in the rod is denoted as x. Let u(x, t) represent the temperature
at point x during time t . Then, the partial differential equation can be written as [11]
ut = αuxx, a ≤ x ≤ b, t ≥ 0 (3)
where α > 0, denotes the thermal diffusivity of the rod. The approximations of the solutions of Eq. (3) at tj+1th time level
can be considered by [12]
(ut)
j
i = θ f j+1i + (1− θ)f ji (4)
where 0 ≤ θ ≤ 1, f ji = α(uxx)ji and the superscripts j and j + 1 are successive time levels and j = 0, 1, 2, . . . . Now,
discretizing the time derivative by a first order accurate forward difference scheme and rearranging the equation, we obtain
uj+1i − θ1tf j+1i = uji + (1− θ)1tf ji (5)
where 1t is the time step. Note that the system becomes an explicit scheme when θ = 0, a fully implicit scheme when
θ = 1 and amixed scheme of Crank–Nicolson when θ = 0.5 [12]. Here, the Crank–Nicolson approach is used. Hence, Eq. (5)
takes the form
uj+1i − 0.51tf j+1i = uji + 0.51tf ji (6)
for i = 0, 1, . . . ,N at each level of time.
2.2. Wave equation
The propagation of a waves with speed β in one-dimensional is in the form of [11]
utt = β2uxx. (7)
By using the central difference scheme for the time derivative, the wave displacement, u at time t = tj+1 can be approxi-
mated as
2uj+1i −1t2g j+1i = 4uji +1t2g ji − 2uj−1i (8)
where g ji = β2(uxx)ji and i = 0, 1, . . . ,N . Once the initial vector C0 has been calculated from the initial conditions [13], the
approximation solution uj+1i at each level of time tj+1 can be determined by solving the recurrence system repeatedly.
3. Error analysis
3.1. Truncation error
Suppose S(x) is the cubic B-spline interpolating u(xi, tj) at the jth time level, then by collocation approach [9]
S(x) =
N+1
i=−1
CiB3,i(x). (9)
4494 J. Goh et al. / Computers and Mathematics with Applications 62 (2011) 4492–4498
Thus, the approximation at the point, xi can be simplified to
S(xi) = Ci−1Bi−1(xi)+ CiBi(xi)+ Ci+1Bi+1(xi) ≈ u(xi), (10a)
and we can easily get
Sx(xi) = Ci−1B′i−1(xi)+ CiB′i(xi)+ Ci+1B′i+1(xi) ≈ ux(xi), (10b)
Sxx(xi) = Ci−1B′′i−1(xi)+ CiB′′i (xi)+ Ci+1B′′i+1(xi) ≈ uxx(xi), i = 0, 1, 2, . . . ,N. (10c)
By substituting the blending function (2) into Eqs. (10a)–(10c), we have
S(xi) =

1
6

Ci−1 +

2
3

Ci +

1
6

Ci+1
Sx(xi) =

− 1
2h

Ci−1 +

1
2h

Ci+1
Sxx(xi) =

1
h2

Ci−1 +

− 2
h2

Ci +

1
h2

Ci+1.
Then, the following relationships can be obtained:
h

1
6

Sx(xi−1)+

2
3

Sx(xi)+

1
6

Sx(xi+1)

= 1
2
[S(xi+1)− S(xi−1)] (11a)
h2Sxx(xi) = 6 [S(xi+1)− S(xi)]− 2h [2Sx(xi)+ Sx(xi+1)] . (11b)
By using the operator notation E(S(xi)) = S(xi+1), Eq. (11a) can be written as [14]
h

1
6

E−1 +

2
3

+

1
6

E

Sx(xi) = 12

E − E−1 u(xi). (12)
Since E = ehD where D ≡ d/dx, notation E can be written in the expansion form of powers hD, and we can get
ehD + e−hD = 2

1+ h
2D2
2! +
h4D4
4! +
h6D6
6! + · · ·

ehD − e−hD = 2

hD+ h
3D3
3! +
h5D5
5! +
h7D7
7! + · · ·

.
Therefore, the above Eq. (12) can be expressed as [14]
h

2
3
+ 1
3

1+ h
2D2
2! +
h4D4
4! +
h6D6
6! + · · ·

Sx(xi) =

hD+ h
3D3
3! +
h5D5
5! +
h7D7
7! + · · ·

u(xi)
or 
1+ 1
3

h2D2
2! +
h4D4
4! +
h6D6
6! + · · ·

Sx(xi) =

D+ h
2D3
3! +
h4D5
5! +
h6D7
7! + · · ·

u(xi).
And, it can be simplified into
Sx(xi) =

D+ h
2D3
3! +
h4D5
5! + · · ·

1+

h2D2
6
+ h
4D4
72
+ h
6D6
2160
+ · · ·
−1
u(xi)
=

D+ h
2D3
3! +
h4D5
5! + · · ·

1−

h2D2
6
+ h
4D4
72
+ h
6D6
2160
+ · · ·

+

h2D2
6
+ h
4D4
72
+ · · ·
2
+ · · ·

u(xi)
=

D+ h
2D3
3! +
h4D5
5! + · · ·

1− h
2D2
6
+ h
4D4
72
− h
6D6
2160
− · · ·

u(xi)
=

D− h
4D5
180
+ h
6D7
1512
− · · ·

u(xi).
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Hence,
Sx(xi) = ux(xi)−

1
180

h4uxxxxx(xi)+ O(h6). (13a)
By using the same approach for Eq. (11b), we can derive
Sxx(xi) = uxx(xi)−

1
12

h2uxxxx(xi)+

1
360

h4uxxxxxx(xi)+ O(h6). (13b)
3.2. Truncation error of heat equation
For the uniform interior point of cubic B-spline interpolation, the second spatial derivative, Sxx at point xi can be
estimated as
(Sxx)i = (uxx)i −

1
12

h2(uxxxx)i +

1
360

h4(uxxxxxx)i + O(h6). (14)
As the time derivative of the heat equation is discretized by the finite difference approach, the associated truncation error
can be found as a typical finite-difference formulation. Consider [15]
ut = f (x, t) (15)
with
uj+1i = uji +1t

θ f j+1i + (1− θ)f ji

. (16)
Applying Taylor series expansion about (j+ θ)1t to Eq. (16) and rearranging the equation leads to
(ut)i = fi −

1− 2θ
2

1tft +

6θ − 6θ2 − 1
6

1t2ftt + · · · . (17)
Thus, the truncation error which is defined as ei = ut − αuxx, can be estimated as
ei =

2θ − 1
2

1tutt + α

1
12
h2

uxxxx + O(1t2, h4). (18)
We found that ei = O(1t) + O(h2) and since in our case, θ = 0.5 it reduces to O(1t2) + O(h2). By using Von Neumann’s
method, it can be proved that this presented scheme for the heat problem is unconditionally stable [16].
3.3. Truncation error of wave equation
By using the same approach as above, utt at point xi can be approximated as
(utt)i = fi + θ1tft +

6θ − 12θ2 − 1
12

1t2ftt + O(1t3). (19)
Hence, the truncation error is given by
ei = θ1tuttt + α2

1
12
h2

uxxxx + O(1t2, h4). (20)
Thus, it is O(1t)+ O(h2) accurate for the wave equation. We summarize our results as follows:
Theorem. By using the combination of the finite difference approximation and cubic B-spline method,
(i) the truncation error for the heat equation is O(1t2)+ O(h2),
(ii) the truncation error for the wave equation is O(1t)+ O(h2).
4. Numerical experiment
4.1. Test 1
Suppose the one-dimensional heat equation is as below [17,18]
ut = 1
π2
uxx 0 < x < 1, t > 0
with initial and boundary conditions
u(x, 0) = sin(πx)
u(0, t) = u(1, t) = 0.
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(a) h = 1/16, T = 2. (b) h = 1/16, T = 5.
(c) h = 1/20, T = 2. (d) h = 1/20, T = 5.
Fig. 1. The comparison of the errors in the numerical solutions for Test 1 with analytical solution at the last time step (1t = 0.01).
The exact solution is known to be u(x, t) = exp(−t) sin(πx). This problem is tested by different values of the step size in
the x-direction (h) and last time step (T ) with the time step size as a constant (1t = 0.01). Fig. 1 shows the numerical errors
between cubic B-spline (CuBS) method and the well-known forward time centered space (FTCS) approach compared to the
analytical solution, for the cases N = 16 and N = 20. Comparisons are made for the time, T = 2 and T = 5.
Fig. 2 depicts the maximum absolute errors obtained at each time step for the FTCS approach and also CuBS formulation
with1t = 0.01 and h = 0.05. The errors of the CuBS scheme are smaller than those obtained by the FTCS scheme at every
time step. It should be noted that the space and time step sizes need to be adjusted such that the stability requirement for
the FTCS scheme is satisfied.
4.2. Test 2
Consider the one-dimensional wave equation in the form [19]
utt = uxx, 0 ≤ x ≤ 1, t ≥ 0
subject to the initial and boundary conditions
u(x, 0) = cos(πx), ut(x, 0) = 0
u(0, t) = cos(π t),
 1
0
u(x, t)dx = 0.
The exact solution is known as u(x, t) = 12 (cos(π(x+ t))+cos(π(x− t))). Absolute errors obtained for time step1t = 0.01
and the various space steps at the final time T = 5 are tabulated in Table 2. It can be seen that the solutions become more
accurate with the smaller space steps. Fig. 3 illustrates the space–time graph of the approximated solution for this problem
over a time period, t ∈ [0, 5] along x.
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Fig. 2. Maximum absolute errors of FTCS and CuBS schemes at each time step for Test 1 by using1t = 0.01 and h = 0.05.
Fig. 3. Space–time graph for Test 2 with h = 1t = 0.02 and T = 5.
Table 2
Numerical errors at the grid points for various mesh sizes with1t = 0.01 at T = 5.
x Exact value h = 0.1 h = 0.02 h = 0.01
0.1 −0.95106 1.96× 10−3 1.39× 10−4 7.97× 10−5
0.2 −0.80902 2.87× 10−3 2.09× 10−4 1.21× 10−4
0.3 −0.58779 2.69× 10−3 1.99× 10−4 1.15× 10−4
0.4 −0.30902 1.60× 10−3 1.19× 10−4 6.88× 10−5
0.5 0.00000 3.45× 10−13 6.18× 10−14 2.03×10−13
0.6 0.30902 1.60× 10−3 1.19× 10−4 6.88× 10−5
0.7 0.58779 2.69× 10−3 1.99× 10−4 1.15× 10−4
0.8 0.80902 2.87× 10−3 2.09× 10−4 1.21× 10−4
0.9 0.95106 1.96× 10−3 1.39× 10−4 7.97× 10−5
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5. Conclusions
A numerical method incorporating a finite difference scheme with cubic B-spline had been described in the previous
section for solving one-dimensional heat and wave equations. A usual difference scheme approach had been applied to
discretize the time derivative and cubic B-spline had been used to interpolate the solutions at each level of time. From
the heat problem, the obtained results show that the cubic B-spline give better solutions than the typical finite difference
approach with smaller space steps. However, it can be found that both solutions are well approximated. The advantage
of using the cubic B-spline method is that it can give the solutions at any intermediate point in the space direction. In
conclusion, the cubic B-spline method is capable of solving one-dimensional heat and wave equations accurately.
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